
PH-107: Introduction to Quantum Mechanics
Tutorial Sheet 10

* marked problems will be solved in the tutorial class (D3-D4: Wednesday, D1-D2: Saturday)

Simple Harmonic Oscillator and 2D/3D Systems:

1. Using the uncertainty principle, show that the lowest energy of an oscillator is ℏω/2.

2. Determine the expectation value of the potential energy for a quantum harmonic oscillator
(with mass m and frequency ω) in the ground state. Use this to calculate the expectation
value of the kinetic energy. The ground state wavefunction of quantum harmonic oscillator
is:

ψ0(x) = C0 exp
(
−mω

2ℏ
x2
)

C0 is constant; (1)

3. A diatomic molecule behaves like a quantum harmonic oscillator with the force constant
k = 12Nm−1 and mass m = 5.6 ∗ 10−26kg

(a) What is the wavelength of the emitted photon when the molecule makes the transition
from the third excited state to the second excited state ?

(b) Find the ground state energy of vibrations for this diatomic molecule.

4. Vibrations of the hydrogen molecule can be modeled as a simple harmonic oscillator with
the spring constant k = 1.13 ∗ 103Nm−2 and mass m = 1.67 ∗ 1027 kg.

(a) What is the vibrational frequency of this molecule ?

(b) What are the energy and the wavelength of the emitted photon when the molecule
makes transition between its third and second excited states ?

5. * A two-dimensional isotropic harmonic oscillator has the Hamiltonian

H = − ℏ2
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(a) Show that the energy levels are given by

Enx,ny = ℏω(nx + ny + 1) where nx, ny ∈ (0, 1, 2...) ω =

√
k

m

(b) What is the degeneracy of each level?

6. * Consider the Hamiltonian of a two-dimensional anisotropic harmonic oscillator (ω1 ̸= ω2)
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(a) Exploit the fact that the Schrödinger eigenvalue equation can be solved by separating
the variables and find a complete set of eigenfunctions of H and the corresponding
eigenvalues.

(b) Assume that ω1

ω2
= 3

4
.Find the first two degenerate energy levels. What can one say

about the degeneracy of energy levels when the ratio between ω1 and ω2 is not a
rational number.

7. A particle of mass m is confined to move in the potential (mω2x2) /2. Its normalized wave
function is

ψ(x) =

(
2β√
3
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β

π

)1/4

x2e−(βx
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where β is a constant of appropriate dimension.
(a) Obtain a dimensional expression for β in terms of m,ω and ℏ.
(b) It can be shown that the above wave function is the linear combination

ψ(x) = aψ0(x) + bψ2(x)

where ψ0(x) is the normalized ground state wave function and ψ2(x) is the normalized
second excited state wave function of the potential. Evaluate b and hence calculate the
expectation value of the energy of the particle in this state ψ(x).
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8. Consider an 3D isotropic harmonic oscillator show that the degeneracy gn of the nth
excited state, which is equal the number of ways the non negative integers nx, ny, nz may
be chosen to total to n, is given by

gn =
1

2
(n+ 1)(n+ 2)

9. * A charged particle of mass ’ m ’ and charge ’ q ’ is bound in a 1-dimensional simple
harmonic oscillator potential of angular frequency ’ ω ’. An electric field E0 is turned on.
(a) What is the total potential V(x) experienced by the charge ?
(b) Express the total potential in the form of an effective harmonic oscillator potential.
(c) Sketch V (x) versus x.
(d) What is the ground state energy of the particle in this potential?
(e) What is the expectation value of the position (x) if the charge is in its ground state ?
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